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In this article I will show how to derive the risk-neutral probability distribution of
an asset price at a future time from the volatility smile given by options maturing at
that time. I refer to this as the implied distribution.

Preamble
The Black-Scholes model and its extensions assume that the probability distribution
of the underlying asset at any given future time is lognormal. This assumption is not
made by traders.

Traders assume that the probability distribution of an equity price has a heavier left
tail and a less heavy right tail than the lognormal distribution.

Traders also assume that the probability distribution of an exchange rate has a
heavier right tail and a heavier left tail than the lognormal distribution.
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Traders use volatility smile to allow for non-lognormality. The volatility smile
defines the relationship between the implied volatility of an option and its strike
price.

For equity options, the volatility smile tends to be downward sloping. This mean that
out-of-the-money puts and in-the-money calls tends to have high implied volatilities
whereas out-of-the-money calls and in-the-money puts tends to have low implied
volatilities.
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For foreign currency options, the volatility smile is U-shaped. This mean that both
out-of-the-money options and in-the-money options tends to have high implied
volatilities whereas at-the-money options tends to have low implied volatilities.
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If the exchange rate increases, the volatility smile tends to move to the right; if the
exchange rate decreases, the volatility smile tends to move to the left. Similarity,
when the equity price increases, the volatility skew tends to move to the right, and
when the equity price decreases, the volatility skew tends to move to the left.

For this reason the volatility smile is often calculated as the relationship between
the implied volatility and K/S0 rather than the relationship between the implied
volatility and K. The smile is then much stable.

Often traders also use a volatility term structure. The implied volatility of an option
then depends on its life.
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When volatility smiles and volatility term structure are combined together, they
produce the volatility surface. This defines implied volatility as a function of both
strike price and time to maturity.
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Lognormal Distribution
The normal distribution is a good approximation for many financial variables, such
as the rate of return on a stock, r = (P1 − P0)/P0, where P0 and P1 are the stock prices
at time 0 and 1.

Strictly speaking, this is inconsistent with reality because a normal variable has
infinite tails on both sides. In theory, r could end up below −1, which implies P1 < 0.

In reality, due to the limited liability of corporations, stock prices cannot turn
negative. In many situations, however, this is an excellent approximation.

For instance, with short horizons or small price moves, the probability of having a
negative price is so small that it is negligible. If this is not the case, we need to resort
to other distributions that prevent prices from going negative. One such distribution
is the lognormal.

A random variable X is said to have a lognormal distribution if its logarithm Y =
ln(X) is normally distributed. Define here X = (P1/P0). Because the argument X in
the logarithm function must be positive, the price P1 can never go below zero.

The lognormal density function has the following expression:

Note that this is more complex than simply plugging ln(x) in the normal density
function

because x also appears in the denominator. Its mean is
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and variance

The parameters were chosen to correspond to those of the normal variable

Conversely, if we set

the mean of the associated normal variable is

This adjustment is also used in the Black-Scholes option valuation model, where the
formula involves a trend in

for the log-price ratio. The figure below depicts the lognormal density function with
μ = 0, and various values σ = 1.0, 1.2, 0.6.
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Note that the distribution is skewed to the right. The tail increases for greater values
of σ. This explains why as the variance increases, the mean is pulled up in the
following equation

Deriving Implied Risk-Neutral Distributions from Volatility Smiles
The price of a European call option on an asset with strike price K at maturity T is
given by
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Where r is the interest rate (assume constant), ST is the asset price at time T, and g is
the risk-neutral probability density function of ST.

Differentiating once with respect to K gives

Differentiating again with respect to K gives

This show that the probability density function g is given by

This result, which is from Breeden and Litzenberger (1978), allows risk-neutral
probability distributions to be estimated from volatility smiles (see D.T. Breeden and
R.H. Litzenberger, “Prices of State-Contingent Claims Implicit in Option Prices”,
Journal of Business, 51 (1978), 621–51). Suppose that c1, c2, and c3 are the prices of T-
year European call options with strike prices of K - δ, K, and K + δ, respectively.
Assuming δ is small, an estimate of g(K) is
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For another way of understanding this formula, suppose you set up a butterfly
spread with strike prices K - δ, K, and K +δ, and maturity T. This means that you buy
a call with strike price K - δ, buy a call with strike price K +δ, and sell two calls with
strike price K.

The value of your position is c1 + c3 - 2c2. The value of the position can also be
calculated by integrating the payoff over the risk-neutral probability distribution,
g(ST), and discounting at the risk-free rate. The payoff is shown in the figure below:

Since δ is small, we can assume that g(ST) = g(K) in the whole of the range K - δ < ST
< K +δ, where the payoff is nonzero. The area under the “spike” in the figure above is
0.5 × 2δ × δ = δ².

The value of the payoff (when δ is small) is therefore:
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It follows that

Which leads directly to

Numerical Example
Suppose that the price of a non-dividend-paying stock is $10, the risk-free interest
rate is 3% and the implied volatilities of three-month European options with strike
price of $6, $7, $8, $9, $10, $11, $12, $13, $14 are 30%, 29%, 28%, 27%, 26%, 25%,
24%, 23%, 22%, respectively.

import numpy as np
import pandas as pd
from scipy.stats import norm
import scipy.stats as si
from numpy.random import randn
from numpy import random as rn
import matplotlib.pyplot as plt
import seaborn as sns
%matplotlib inline

def PolanitzerNormsdist(x):
    PolanitzerNormsdist = si.norm.cdf(x,0.0,1.0)
    return (PolanitzerNormsdist)

def PolanitzerBlackScholesCall(StockPrice, StrikePrice, Maturity, 
RiskFreeRate, Volatility):
    d1 = (np.log(StockPrice/StrikePrice)+
(RiskFreeRate+0.5*Volatility**2)*Maturity)/(Volatility*np.sqrt(Matur
ity))
    d2 = (np.log(StockPrice/StrikePrice)+(RiskFreeRate-
0.5*Volatility**2)*Maturity)/(Volatility*np.sqrt(Maturity))
    PolanitzerBlackScholesCall = StockPrice*PolanitzerNormsdist(d1)-
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StrikePrice*np.exp(-RiskFreeRate*Maturity)*PolanitzerNormsdist(d2)
    return(PolanitzerBlackScholesCall)

df = pd.read_csv('implied_vol.csv')
df

One way of applying the above results is as follows. Assume that g(ST) is constant
between ST=6 and ST=7, constant between ST=7 and ST=8, and so on.

df1 = df.copy()
δ = df1['K'][1] - df1['K'][0]
df1['S_min'] = 0
for i in range(0,(len(df1.S)-1)):
    df1['S_min'][i] = df1['K'][i]

df1['ST'] = 0.00
    
df1['S_max'] = 0
for i in range(0,(len(df1.S)-1)):
    df1['S_max'][i] = df1['K'][i+1]
    
df1['ST'] = 0.00
for i in range(0,len(df1.S)):
    df1['ST'][i] = np.mean([df1['S_min'][i], df1['S_max'][i]])

df1.drop(['S_min','S_max'],axis=1,inplace=True)
df1['IV_min'] = 0.00
for i in range(1,(len(df1.S))):
    df1['IV_min'][i-1] = df1['IV'][i]
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df1['IV_mean'] = 0.00

df1['IV_max'] = 0.00
for i in range(0,(len(df1.S)-1)):
    df1['IV_max'][i] = df1['IV'][i]
    
df1['IV_mean'] = 0.00
for i in range(0,len(df1.S)):
    df1['IV_mean'][i] = np.mean([df1['IV_min'][i], df1['IV_max']
[i]])

df1.drop(['IV_min','IV_max'],axis=1,inplace=True)
df1['C_min'] = 0.00
for i in range(1,(len(df1.S))):
    df1['C_min'][i-1] = df1['C'][i]
    
df1['C_mean'] = 0.00
for i in range(0,(len(df1.S))):
    df1['C_mean'][i] = PolanitzerBlackScholesCall(df1['S'][i], 
df1['ST'][i], df1['T'][i], df1['r'][i], df1['IV_mean'][i])

df1['C_max'] = 0.00
for i in range(0,(len(df1.S))):
    df1['C_max'][i] = df1['C'][i]

df1.drop([8], axis=0, inplace=True)
df1

Define:
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The value of g1 can be calculated by interpolating to get the implied volatility for a
one-year option with a strike price of $6.5 as 29.9%. This means that options with
strike prices of $6, $6.5, and $7 have implied volatilities of 30%, 29.5%, and 29%,
respectively.

δ = df1['ST'][0] - df1['K'][0]
df1['g'] = 0.00
for i in range(0,(len(df1.S))):
    df1['g'][i] = np.exp(df1['r'][i]*df1['T'][i])*(df1['C_min']
[i]+df1['C_max'][i]-2*df1['C_mean'][i])/ (δ**2)

df1
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From the Black-Scholes formula their prices are $4.045, $3.459, and $3.055,
respectively. Using an earlier equation, with K=6.5 and δ=0.5, gives

d = {‘ST’: [5,6,7,8,9,10,11,12,13,14]}
df2 = pd.DataFrame(data=d)
df2[‘xi’]=df2[‘ST’]
df2[‘Prob. f(x)’] = 0.00
for i in range(1, (len(df2.ST)-1)):
 df2[‘Prob. f(x)’][i] = df1[‘g’][i-1]
df2[‘Mean. xf(x)’]=df2[‘xi’]*df2[‘Prob. f(x)’]
new_row = {‘ST’: ‘ ‘, ‘xi’: ‘ ‘}
df2 = df2.append(new_row, ignore_index=True)
new_row = {‘ST’: ‘Sum’, ‘xi’: ‘ ‘}
df2 = df2.append(new_row, ignore_index=True)
new_row = {‘ST’: ‘Sum’, ‘xi’: ‘ ‘}
df2 = df2.append(new_row, ignore_index=True)
df2[‘Prob. f(x)’][10] = “”
df2[‘Prob. f(x)’][11] = “”
df2[‘Prob. f(x)’][12] = “”
df2[‘Mean. xf(x)’][10] = “===========”
df2[‘Mean. xf(x)’][11] = “Mean”
df2[‘Mean. xf(x)’][12] = np.sum( df2[‘Mean. xf(x)’][0:9]) 
μ = df2[‘Mean. xf(x)’][12]
df2[‘Variance. f(x)(x-μ)²’] = 0.00
for i in range(0,9):
 df2[‘Variance. f(x)(x-μ)²’][i] = df2[‘Prob. f(x)’][i] * (df2[‘xi’]
[i]-μ) **2
df2[‘Variance. f(x)(x-μ)²’][10] = “===========”
df2[‘Variance. f(x)(x-μ)²’][11] = “Variance”
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df2[‘Variance. f(x)(x-μ)²’][12] = np.sum( df2[‘Variance. f(x)(x-
μ)²’][0:9]) 
df2[‘Skewness. f(x)(x-μ)³’] = 0.00
for i in range(0,9):
 df2[‘Skewness. f(x)(x-μ)³’][i] = df2[‘Prob. f(x)’][i] * (df2[‘xi’]
[i]-μ) **3
df2[‘Skewness. f(x)(x-μ)³’][10] = “===========”
df2[‘Skewness. f(x)(x-μ)³’][11] = “Skewness”
df2[‘Skewness. f(x)(x-μ)³’][12] = np.sum( df2[‘Skewness. f(x)(x-
μ)³’][0:9]) 
df2[‘Kurtosis. f(x)(x-μ)⁴’] = 0.00
for i in range(0,9):
 df2[‘Kurtosis. f(x)(x-μ)⁴’][i] = df2[‘Prob. f(x)’][i] * (df2[‘xi’]
[i]-μ) **4
df2[‘Kurtosis. f(x)(x-μ)⁴’][10] = “===========”
df2[‘Kurtosis. f(x)(x-μ)⁴’][11] = “Kurtosis”
df2[‘Kurtosis. f(x)(x-μ)⁴’][12] = np.sum( df2[‘Kurtosis. f(x)(x-
μ)⁴’][0:9]) 
new_row = {‘ST’: ‘’, ‘xi’: ‘ ‘,’Prob. f(x)’: ‘ ‘,’Mean. xf(x)’: ‘ 
‘,\
 ‘Variance. f(x)(x-μ)²’: ‘σ²’,’Skewness. f(x)(x-μ)³’: 
‘σ³’,’Kurtosis. f(x)(x-μ)⁴’: ‘σ⁴’}
df2 = df2.append(new_row, ignore_index=True)
new_row = {‘ST’: ‘Denominator’, ‘xi’: ‘ ‘,’Prob. f(x)’: ‘ ‘,’Mean. 
xf(x)’: ‘ ‘,\
 ‘Variance. f(x)(x-μ)²’: ‘ ‘,’Skewness. f(x)(x-μ)³’: ‘ ‘,’Kurtosis. 
f(x)(x-μ)⁴’: ‘ ‘}
df2 = df2.append(new_row, ignore_index=True)
σ = np.sqrt(df2[‘Variance. f(x)(x-μ)²’][12])
df2[‘Variance. f(x)(x-μ)²’][14] = σ**2
df2[‘Skewness. f(x)(x-μ)³’][14] = σ**3
df2[‘Kurtosis. f(x)(x-μ)⁴’][14] = σ**4
Skew = df2[‘Skewness. f(x)(x-μ)³’][12]/ σ**3
Kurt = df2[‘Kurtosis. f(x)(x-μ)⁴’][12]/ σ**4
new_row = {‘ST’: ‘’, ‘xi’: ‘ ‘,’Prob. f(x)’: ‘ ‘,’Mean. xf(x)’: 
‘===========’,\
 ‘Variance. f(x)(x-μ)²’: ‘===========’,’Skewness. f(x)(x-μ)³’: 
‘===========’,’Kurtosis. f(x)(x-μ)⁴’: ‘===========’}
df2 = df2.append(new_row, ignore_index=True)
new_row = {‘ST’: ‘’, ‘xi’: ‘ ‘,’Prob. f(x)’: ‘ ‘,’Mean. xf(x)’: 
‘Mean’,\
 ‘Variance. f(x)(x-μ)²’: ‘StdDev’,’Skewness. f(x)(x-μ)³’: 
‘Skewness’,’Kurtosis. f(x)(x-μ)⁴’: ‘Kurtosis’}
df2 = df2.append(new_row, ignore_index=True)
new_row = {‘ST’: ‘’, ‘xi’: ‘ ‘,’Prob. f(x)’: ‘ ‘,’Mean. xf(x)’: μ, 
‘Variance. f(x)(x-μ)²’: σ,’Skewness. f(x)(x-μ)³’: Skew,’Kurtosis. 
f(x)(x-μ)⁴’: Kurt}
df2 = df2.append(new_row, ignore_index=True)
df2

Say we want to know the expected value of the outcomes. We compute the product
of each outcome and associated probability, as shown below. For instance, the first
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entry is xf(x) = 5 × 0 = 0, and so on. Summing across all events, the mean is μ =
9.5560.

Next, we compute the variance. The first term is (x −μ)²f(x) = (5–9.556)²× 0 = 0. These
terms add up to 1.6997, or, taking the square root, σ = 1.3037.

Next, we compute the skewness. The first term is (x −μ)³f(x) = (5–9.556)³× 0 = 0.
These terms add up to 0.1948. Dividing by σ³ = 2.2159, this gives a skewness of γ =
0.8791.

Finally, we compute the kurtosis terms. The first term is (x −μ)⁴f(x) = (5–9.556)⁴× 0 =
0. These terms add up to 8.103. Dividing by σ⁴ = 2.8890, this gives a kurtosis of δ =
2.8047.

dd = {‘xi’: [5,6,7,8,9,10,11,12,13,14]}
df3 = pd.DataFrame(data=dd)
df3[‘f(x)’] = 0.00
for i in range(0,len(df3.xi)):
 df3[‘f(x)’][i] = df2[‘Prob. f(x)’][i]
df3[‘F(x)’] = 0.00
for i in range(1,len(df3.xi)):
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 df3[‘F(x)’][i] = df3[‘F(x)’][i-1]+df2[‘Prob. f(x)’][i]
df3

The following figure displays the implied distribution. (Note that the area under the
probability is 99.85%. The probability that ST < 6 or ST > 14 is therefore 0.15%).
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plt.scatter(df3[‘xi’],df3[‘f(x)’])
plt.plot(df3[‘xi’],df3[‘f(x)’])
plt.title(“Implied Probability Distribution”)
plt.xlabel(“Stock Price”)
plt.ylabel(“Probability”)
ax = plt.axes()
ax.set_facecolor(“white”)
plt.show()
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Although not obvious from the figure above, the implied distribution does have a
heavier left tail and less heavy right tail than a lognormal distribution.

df4 = df.copy()
df4
ddd = {‘S’:0,’K’:0,’r’:0,’T’:0,’C’:0,’IV’:0}
df4 = df.append(ddd, ignore_index = True)
df4[‘S_min’] = 0
for i in range(1,(len(df4.S))):
 df4[‘S_min’][i] = df4[‘K’][i-1]
 
df4[‘S_max’] = 0
for i in range(0,(len(df4.S))):
 df4[‘S_max’][i] = df4[‘K’][i]
df4[‘S_max’][len(df4.S_min)-1] = 9999999999

df4.drop([‘S’,’K’,’r’,’T’,’C’,’IV’],axis=1,inplace=True)
df4[‘Implied Probability’] = 0.00
for i in range(1,(len(df4.S_min)-1)):
 df4[‘Implied Probability’][i] = df1[‘g’][i-1]
df4[‘Implied Probability’][0] = (1-np.sum(df4[‘Implied Probability’]
[1:-1]))/2
df4[‘Implied Probability’][(len(df4.S_min)-1)] = (1-
np.sum(df4[‘Implied Probability’][1:-1]))/2
df4[‘Average Implied Volatility’] = np.mean(df.IV)
σ = round(df4[‘Average Implied Volatility’]*100,2)
df4[‘Lognormal Probability’] = 0.00
for i in range(0,(len(df4.S_min)-1)):
 df4[‘Lognormal Probability’][i] = si.lognorm.cdf(df4[‘S_max’][i], 
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σ)[i] — si.lognorm.cdf(df4[‘S_min’][i], σ)[i]
df4[‘Lognormal Probability’][(len(df4.S_min)-1)] = 1-
np.sum(df4[‘Lognormal Probability’][0:-1])
df4.style.format({“Implied Probability”: “{:.2%}”, “Average Implied 
Volatility”: “{:.2%}”, “Lognormal Probability”: “{:.2%}”})

For the lognormal distribution with a mean of zero and a standard deviation of 26%,
the probability of a stock price between $6 and $7 is 0.24% (compared with 0.57% in
the figure above) and the probability of a stock price between $13 and $14 is 0.11%
(compared with 1.13% in the figure above).

Summary
How close the market prices of options to those predicted by Black-Scholes? Do
traders really use Black-Scholes when determining a price for an option? Are the
probability distributions of asset prices really lognormal?

This article answered these questions. It explained that traders do use the Black-
Scholes model — but not in exactly the way that Black and Scholes originally
intended.

This is because they allow the volatility used to price an option to depend on its
strike price and time to maturity.

A plot of the implied volatility of an option as a function of its strike price is known
as a volatility smile. This article described the volatility smiles that traders use in
equity and foreign currency markets.
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It explained the relationship between a volatility smile and risk-neutral probability
distribution being assumed for the future asset price. It also discussed how option
traders allow volatility to be a function of option maturity and how they use
volatility surfaces as pricing tools.
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